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A BDCFE�G�H�I2J-K1EMLNH�C
O�PNQ

τ R PSQUTVP�WYX[Z]\^P�_F`aPcbd_.egfih P[hdbd_abdZjW[P RVk b[fjl1fm_>QnP�W[P k�o fpQnTF`�fj_Vfm`�b[Z^q@XYZmr<_VXY`af]bdZ x2−x−1
e[bd_s\tZmP�Q

τ ′ R PfmQnu1bdZjW[P Rsk b[fjl�lNXY_gvxwVW>bgQUPYh�y�PzlNXY_suUfj\^P k P�{YP�_>QUwsb[ZmZjr�qDP k fmX^\^f]l τ | b[\^f]l�PN}^qsb[_suUfmXY_su�Xd~ k PcbdZ^_<wV` R P k u!edQnTsbgQ:f]u�eZjPN~�Q�fj_^�s_VfmQUP�P!{[P�_>QnwsbdZjZmr�qDP k fjX<\Vfjl k P!q k P!uUP�_>QnbdQUfjX[_su�Xd~ k P!b[ZY_<wV` R P k u�fj_tQnTVPSq@X>u�fmQUfjX[_sb[Z<_>ws`aP k bdQUfjX[_au�r^u�QUP�`o fmQUT�QnTVP R bYu�P {(τ ′)n}
e o TsXYuUP�l�X<PN��lNfjP�_>Qnu�~�X k `�uUP!�>wVP�_@lNP!u�bY\^`�fjunuUf R ZjP
fj_�QnTVP�wsuUwsb[Z τ | _<wV`�P k bgQnfmXY_uUr^uxQnP�`�h�O.P�Q

F ��� (τ ′)
\^P!_VXdQnP�QUTsP�uUPNQ�Xd~tb[ZmZ k P!bdZ�_<wV` R P k u o Tsfjl#T�Tsb�{[P
QnTVP�f k Qnb[w | bY\^f]l�PN}^qsb[_suUfmXY_suP!{[P!_YQnwsbdZjZjraqDP k fjX<\VfjlzQUXaQUTsP�ZjPN~�Qch���Q�T@b[u R P!P�_-q k Xg{YP!\
�����7QnTsbgQ�~�X k α

eVbFl�X[_gvxwsWYbgQnPzX[~Mbt�1fjuUXdQ'_<wV` R P k β
eb�_<wV` R P k x

f]u5bd_�P!ZmP!`aP!_>QzXd~
Fep(α)

fm~�b[_s\2X[_VZjr)fm~�fpQ�fju5b[_�P�ZjP�`�P�_>QzX[~
Q(α)

h���TVP�WYX[Z]\^P�_2`�P!b[_2f]uzb�1fjuUXdQS_>ws` R P k e>TsP�_sl�P F ��� (τ ′)
fjuSb k fj_VWsh���_�QUTsfjuSqsb[q@P k
o P5W[fj{[P+bdZjW[X k fmQUTV`�u�QnXtqDP k ~�X k ` k fj_VWtb k fmQUTV`�P�QUf]lXYq@P k bdQUfjX[_su�fj_ F ��� (τ ′)

h��
X k P�q k P!l�fjuUP�Zjr[e o P5l�X[_su�Q k wsl�Q1b�Q k b[_suU\VwslNP k�o fpQnT�b�lNX[ws_YQ#b R ZjP�_<wV` R P k X[~7u�QnbdQUPcuQnX
q@P k ~�X k `�b[\V\^fmQUfjX[_�eMuUw R Q k b[lNQUfjX[_�f]u k Pc\^wsl�P!\�QUX�Q o X�bY\V\^fmQUfjX[_su!eMb[_s\�~�X k `FwVZpQnfmqsZmf]l�bdQUfjX[_.e o P�WYfm{YP�bd_b[ZmWYX k fpQnTV` o TVf]l#T�wsu�Pcu'b[\V\VfpQnfmXY_su'bd_s\2uUw R Q k b[lNQUfjX[_su!h
  ¡£¢�¤2G�¢'¥�¢'CFEM¦ EML�H�C§H�¨�C�J�©«ª�¢�G�¥
¬S­V®�¯n°>±³²�­V´Mµc¶¸·D´�µ[¹»º k P�q k P!uUP�_>QnbdQUfjX[_-fm_ R bYu�P τ ¼ X k u�fj`�qVZmr τ ½�¾n¿�À7¾U¿�Á�¿�ÂsÃ�ÄgÃiÅ¸ÆgÂ³Ç Xd~�b k PcbdZ³_<wV` R P k x ∈
R+

f]u'bd_2fm_^�@_VfpQnPtuUP!�>wVP�_@lNP
(xi)k≥i

e
xi ∈ Z

uUwsl#T)QnTsbgQ
x = xkτk + xk−1τ

k−1 + · · · + x1τ + x0 + x−1τ
−1 + · · ·��Q5f]u'\^P!_VXdQnP!\ R r (x)τ = xkxk−1 · · ·x1x0•x−1x−2 · · ·

es`aX>uxQ5uUfmWY_Vfm�@l�b[_YQ5\^fjW[fmQ'� k uxQchO�PNQ
xkxk−1 . . . x1x0•x−1x−2 . . . R P+b τ |�k P!q k Pcu�P!_>QnbgQnfmXY_.h���TVP τ ½�ÈgÄgÉËÊs¿ f]u:QnTVP�~�wV_sl�QnfmXY_ πτ : ZN → R\VPN�s_VPc\ R r πτ (xkxk−1 · · · ) :=

∑
k≥i xiτ

i
hº `aXY_VWÌb[ZmZ

τ |�k P�q k P!uUP�_>QnbdQUfjX[_su�X[~ x
QUTVP k P�fju)X[_VP
qsb k Qnfjl�wVZ]b k eSl!bdZjZmPc\ τ |N¿nÍ�ÀsÄgÂsÁ�Å¸ÆgÂ e�~�X k�o TVf]l#T�QUTVPl�X<PN��lNfjP�_>Qnu

xi

b k P�_VX[_ | _VP!WYbgQnfm{YP�fm_>QUP!W[P k u�b[_s\ ∑N

i=−∞ xiτ
i < τN+1 ~�X k bdZjZ −∞ < N < k

h2Î1{[P k r
x ∈ R+

TsbYuMbzwV_Vf]�>wVP
τ | PN}^qsb[_suUfmXY_ o TVfjl#TtfjuM~�X[ws_s\ R r+QUTVPSW k P�Pc\^r+b[ZmWYX k fpQnTV`Ï� Ðd�ih���TVP
\VfmWYfpQ#u xi

X R Qnb[fm_sP!\R r�QnTVPFW k P!P!\^r
b[ZmWYX k fpQnTV`Ñb k PtP�ZjP�`�P!_YQ#u+Xd~:QnTVPab[ZmqsTsb R PNQ Aτ = {0, 1}
eDl!bdZjZmPc\
QUTsP
Ò ÄdÂDÆgÂ@Å Ò ÄgÉ1ÄgÉ ÀVÓVÄYÔ#¿NÃ h��TsP

τ | P�}<q@bd_suUfmXY_)X[~�ba_<wV` R P k x
f]u5\^P!_VXdQnP!\ R r 〈x〉τ

hO�PNQ
C R P�b��@_VfpQnP�bdZjqVTsb R P�Q)Xd~�fj_>QUP!W[P k u!hÕ��TVP ÂDÆg¾�Ö�ÄgÉpÅm×!ÄdÃØÅ¸ÆdÂ&Ù#Ê^Â Ò ÃØÅ¸ÆdÂ XY_ CN

fju�QUTVP�~�wV_sl�QnfmXY_
νC : CN → AN

τ

QUT@bgQ�`�bdqsu)b o X k \ w
Xd~

CN
QUX

〈x〉τ
e o TsP k P x = πτ (w)

h���Q�f]u�Ú<_VX o _ÛQUTsbdQ�QUTVP_sX k `�b[ZmfjÜ!bdQUfjX[_Ýf]u�lNXY`�qVw^Qnb R ZjP R rÌb��s_sfpQnP�u�QnbdQUP
bdwVQUX[`�bdQUX[_ o TVP�_ÛQnTVP R b[uUP�fju�b��:f]u�X[Q�_>ws` R P k � Þg�ihß5P!l�b[ZmZ<QnTsbgQ1b�à Å]Á�ÆdÃ�Â@Ê^Ö�Ô#¿�¾ fju1bd_�bdZjW[P Rsk b[fjl1fm_>QUP!W[P k β > 1 o TVXYuUP'bdZjW[P Rsk b[fjl
lNX[_dvxwVWYbdQUP!u�b k PSfj_a`�X^\^wVZjwsuZjP!unuSQUT@bd_�X[_VPYhº u�Pc�>wVP�_sl�PFX[~1lNX<PN��l�fmP!_YQ#u o Tsfjl#T�lNX knk P!uUq@XY_s\Vu'QnX-uUX[`�P τ | PN}^qsb[_suUfmXY_�fju+wsuUwsb[ZmZjr
l�bdZjZjP!\ ÄYágÖaÅ]ÁnÁ�Å¸Ô�Ém¿fj_�QnTVP
τ | _<wV`�P k bgQnfmXY_�uUr^uxQnP�`�h º WYP�_VP k b[ZMl�X[_s\^fmQUfjX[_ o bYuzWYfm{YP�_ R r���b knk r���âc��~�X k QUTsPal#Tsb k bYl�QnP k fmÜcbgQUfjX[_X[~�b[\^`�f]uUuUf R ZmP uUP!�>wVP�_@lNP!u1Xd~Ml�X<PN��lNfjP�_>Qnu
fj_-b�_<wV`�P k bdQUfjX[_)uUr^uxQnP�` o fpQnT R bYu�P β > 1

h���TVP k PN~�X k `twsZjbdQUfjX[_X[~�QUTVf]u�l�X[_s\VfpQnfmXY_
fm_�XYw k uUfj`aqsZmPal�b[uUP�f]u�bYu�~�X[ZjZmX o u!h º \^`�f]uUuUf R ZmP τ | P�}<q@bd_suUfmXY_su5b k PtuUP!�>wVP!_slNPcu'Xg{[P k QUTsPb[ZmqsTsb R PNQ Aτ

_sXdQ5lNXY_YQ#bdfj_Vfj_VWaQUTVP o X k \ 11
bYu'bt~¸bYl�QnX k h

∗ ã�ä�åcå�æ�çxè^é�ê�ëØìØí ìiî!ìiçDïmä�è^ð�ñnìØò�çxó5ñnìií�ô�ñ#æ!õ@òNöcëØí�ôxëVñ#ê�÷
øMå�å�æ�í�çx÷:ð�ñnìØò�çxó5ñnìií�ôxëVñ#ê�÷
ã�çxågñ#è�ìió'çxêNìVä#ïdð�ñnìiòcç�ó5ñnìØí�ôxëUùnú@û�ücõDý.ùþ³ÿ çxô�ò��^çxô�òcê�í�ô�ñ#æ��Mê�í �Nçxè¸ëií ì�ö����<é�øMúcø
ù þ û
	�ü���ð�	�
������cù��Mê�í �Nçxè¸ëií ì��
õVñ#è¸í�ë���é¸é��dý@ó5ñ#í�æ������! #"#$#%!&('�)#*,+�-#.�-/&�+1032�)#4,+1035
† �.ò�çMñ#îcìØò�ä�è.ñ#ô�6�ê�ä37�æ�çx÷/8�ç:9gê�ñ#ê�ôxíËñ#æYëØî�å�ådä�è¸ì<;Nö þ7ÿ çxô�ò�ü!ôxí�çxê�ôxç�úgä�î�ê�÷gñnìØí�ä�ê>=�ø@?�	BA���C3D���E#D���CGF��cùdñ#êc÷H;Nö�ìØò�çI8�èiñ#êNì
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¬S­V®�¯n­���¶���°>±³²�­V´�µ!¶Ø·@´�µ[¹«º
τ ½�ÄYágÅ Ò ¾U¿�ÀD¾U¿NÁ�¿NÂ@Ã�ÄdÃØÅ¸ÆdÂ X[~7b k P!b[Z^_>ws` R P k x ∈ R

f]u:b ZjPN~�Q | fj_^�s_VfmQUP�u�Pc�YwsP�_sl�P
(xi)i≥−k

eVuUwsl#T2QUTsbdQ
xi ∈ Z

b[_s\
x = · · · + x2(τ

′)2 + x1τ
′ + x0 + x−1(τ

′)−1 + · · · + x−k(τ ′)−k .

��Q5f]u'\^P!_VXdQnP!\
τ ′(x) := · · ·x1x0•x−1 · · ·x−k

h���~�bdZjZ7�s_VfmQUP ~¸b[lNQUX k uSXd~�QUTsP uUP!�>wVP!_slNP (xi)i≥−k

b k P b[\V`af]u |uUf R ZmPtfm_2QUTsP τ | _<wV`�P k bdQUfjX[_�uUr<u�QUP!`�e^QUTVPFu�Pc�YwsP�_sl�P (xi)i≥−k

f]u5uUb[fj\2QnX R P�QUTVP τ ½�ÄYágÅ Ò ¿nÍNÀVÄdÂVÁ�Å¸ÆgÂ Xd~�QUTsP_<wV` R P k x
esb[_s\2fpQ5f]u'\^P!_VXdQnP!\

τ ′〈x〉
hº _sbdZjX[WYX[wsu�QUX�QnTVP�l�b[uUP)X[~

τ | P�}^qsbd_suUfjX[_su o P2\^PN�s_sP)~�X k τ | b[\^f]l�P�}<q@bd_suUfmXY_su�QnTVP τ ′ | {gbdZjwVP)~�wV_sl�QnfmXY_
πτ ′ : ZN → R

bd_@\�QnTVP�_VX k `�bdZjfmÜcbgQnfmXY_�~�wV_slNQUfjX[_ νC : CN → AN
τ

h
�����
	���
�� ¹�� wV` R P k −1

TsbYuSQ o X τ | b[\^f]l+PN}^qsbd_@u�fjX[_su
ω(10)0•1 = τ ′〈−1〉

bd_s\ ω(01)0• = τ ′〈−1〉 .

��b[uUf]ltq k X[qDP k QUfjP!u+X[~:QUTVP τ | b[\^f]laPN}^qsb[_su�fjX[_@uzX[~
fj_YQnP�WYP k u�b[_s\ k bgQnfmXY_sbdZ�_<wV` R P k u o P k PaW[fj{[P!_ R r�QUTsPb[w^QUTsX k fj_ � L ��h-O�PNQtw@u�\^P�_sXdQUP R r F ��� (τ ′)
QUTsP�u�P�QtXd~'bdZjZ k P!bdZ�_<wV` R P k u x o TVXYuUP τ | bY\^fjl�P�}^qsbd_suUfjX[_�fjub�ZjPN~�Q | fj_^�s_sfpQnP�P�{YP�_>QUwsb[ZmZjr�qDP k fjX<\Vfjl o X k \³h���Q�~�XYZmZjX o u+~ k X[`�b�`�X k P�WYP�_VP k b[Z k Pcu�wVZmQ�fj_ � �c�
QUTsbdQ�QUTsP�u�P�Q

F ��� (τ ′)
fju
b k fj_VW@h���TVP�u�w R vxP!l�Q
Xd~7QUTVf]u:q@bdqDP k f]u�QnTVPzu�QUws\^raXd~³b[\s\^fpQnfmXY_.e<u�w R Q k b[l�QnfmXY_�bd_s\a`twsZpQnfmqVZjf]l�bgQnfmXY_fj_

F ��� (τ ′)
h

� ��I-I2L#EML�H�C
� °<´�°���­��'²��g¶Ø´��Y¶�²��¸°D¹*º ZmZMQUT k P!PFbdZjW[X k fmQUTs`�u ¼ fih PYhsQnTVPtbdZjW[X k fmQUTs` ~�X k b[\s\^fpQnfmXY_.e7u�w R Q k b[l�QnfmXY_
bd_s\
`FwVZ |QnfmqsZmf]l�bdQUfjX[_ Ç b k P�lNXY`�q@X>u�Pc\�Xd~³Q o Xtqsb k Q#u��MQUTVPz� k uxQSX[_VP+lNX[_@u�f]uxQSfm_)X R Q#bdfj_Vfm_sWtXd~�b τ | bY\^f]l k P�q k P!uUP�_>QnbdQUfjX[_X[~³QUTVP k Pcu�wsZpQ ¼ wsuUwsbdZjZmr�_VXY_ | b[\^`�f]uUuUf R ZmP5b[_s\�_VX[Q
Xg{[P k QUTVP l�b[_VX[_sfjl!bdZsb[ZmqVT@b R PNQ Ç e>QUTVP+u�PclNX[_@\�X[_VPzl�X[_suUf]uxQ#ufj_�_VX k `�bdZjfmÜcbgQnfmXY_)Xd~�u�w@l#T2b k P�q k P!uUP�_>Q#bgQUfjX[_�h��TVP�TsP!b k Q'Xd~�QUTVP q k X^lNPcuUu�wsuUP!\2\^w k fj_VWaQUTVP � k u�QzuxQnP�q2ZmfjP!u'fj_2~�X[ZjZmX o fj_VWFQ o Xa~¸bYl�Qnu!h
� ­��! #"�¹�$D¹&% ¿�Ã ω(um+p · · ·um+2um+1)um · · ·u0•u−1 · · ·u−k Ô#¿�Ä τ ½�Ä[ádÅ Ò ¾U¿�ÀD¾U¿NÁ�¿NÂ@Ã�ÄdÃØÅ¸ÆdÂ�Æ�ÙSÄ�¾U¿#ÄdÉYÂ@Ê^ÖF½Ô#¿�¾ u ')(DÓs¿NÂ ω(um+1um+p · · ·um+2)um+1um · · ·u0•u−1 · · ·u−k Å]Á�ÄdÉ�Á�Æ�Ä τ ½�Ä[ádÅ Ò ¾n¿�À7¾U¿�Á�¿�ÂsÃ�ÄgÃiÅ¸ÆgÂ�Æ�Ù u '
� ­��! *"�¹,+.¹-% ¿�Ã ω(um+p · · ·um+1)um · · ·u0•u−1 · · ·u−k Ô#¿�Ä τ ½�Ä[ádÅ Ò ¾U¿�ÀD¾U¿NÁ�¿NÂ@Ã�ÄdÃØÅ¸ÆdÂÝÆxÙ�Ä-¾U¿#ÄgÉ�ÂsÊ^Ö�Ô#¿N¾
u ')(DÓs¿NÂ ω((um+p · · ·um+1)

l)um · · ·u0•u−1 . . . u−k Å]Á�ÄgÉ�Á�Æ�Ä τ ½�Ä[ágÅ Ò ¾U¿�ÀD¾U¿NÁ�¿NÂ@Ã�ÄdÃØÅ¸ÆdÂ�ÆxÙ+Ã�ÓV¿�ÂsÊ^Ö�Ôn¿�¾ u .ÙNÆd¾tÄgÂ
/ ÀVÆgÁ�Å�ÃØÅ�Èg¿FÅ�ÂsÃ�¿10>¿�¾ l ∈ N '
O�PNQ

x, y ∈ F ��� (τ ′)
h y�P o bd_>Q5QnX)�s_@\�b k P�q k Pcu�P!_YQ#bgQnfmXY_
Xd~ z = x + y

h�2�f k u�Q o PFuUTVfm~�Q+qDP k fjX<\�Xd~ xX k Xd~ y
uUX)QnTsbgQ QnTVP�r�u�Qnb k Q o fpQnT�b2lNX<P���l�fmP!_>Q R P�ZjX[_sW[fj_VW)QnX)QnTVP�uUb[`�PFqDX o P k X[~ τ ′ hF��TVP!_ o P�uxQ k P�Qnl#TQnTVP q@P k fjX^\Vu
QUXaQUTsP+ZjP�_sWdQUT2P!�>wsb[ZDQUXaQUTVP ZjP!bYuxQ'lNXY`a`�XY_)`twsZpQnfmqVZjP Xd~MQUTVP!f k X k fjW[fj_sbdZDZjP�_VW[QUTsu!h�2Mfj_sb[ZmZjr�QUTsPk P!uUwVZmQ'fju'X R Qnb[fm_sP!\ R r-bauUfj`aqsZmP�\^fjW[fmQ |�o f]u�P�b[\s\^fpQnfmXY_.h

3 ·
�54Ý­��Ø¶�6[­� !¶¸·D´
¹ y�P�\VP!unl k f R P'b5Q k b[_suU\VwslNP k T 7 b5�@_VfpQnP'_VX[_ | \^P�QUP k `�fj_Vfju�QUf]l1Q k bd_sun\^wsl�P k q@P k ~�X k `�fj_VWk fjW[T>Q5QUX)ZmP�~�Q�_VX k `�bdZjfjÜ!bgQnfmXY_�X[_�bdZjqVTsb R P�Q {0, 1, 2}
fm_�QUTVP

τ | _<wV`�P k bgQnfmXY_�uUr^uxQnP�` ¼ TsP�_sl�PtbdZ]u�X)fm_ τ | b[\^f]l_<wV`�P k bdQUfjX[_&u�r^u�QUP!` Ç e o fmQUT�QnTVP)bY\V\^fmQUfjX[_sb[Z1lNXY_s\^fmQUfjX[_&X[_�QnTVP�fj_VqVw^Q o X k \�QUTsbdQtP�{YP k r�l�X>P���lNfjP�_>Q 2
fjuuUw knk XYwV_s\^Pc\ R r)bdQ�ZjP!bYuxQ'XY_VP 0

~ k X[` P!b[l#T�uUfj\^PYh���TVfjuzlNX[_@\^fpQnfmXY_-f]u�P!�>wVfj{gbdZjP�_>Q�QUXaQUTsP�fm_Vqsw^Q o X k \ R P!fm_sWb�\^fjW[fmQ o f]u�P�uUwV` X[~�Q o XaP�}^qsbd_suUfjX[_suSfj_-QnTVP τ | _>ws`aP k bdQUfjX[_�u�r^u�QUP!`2h��Q+fjuzÚ>_sX o _�QUTsbdQzQUTsPFuUwV`£X[~�Q o X�Q#bdw | fj_YQnP�WYP k u'fm_�QnTVP τ | _<wV`�P k bgQnfmXY_�u�r^u�QUP�` f]uzb�_<wV` R P k�o fmQUT�bdQ`�X>uxQ5Q o X�~ k b[lNQUfjX[_sb[ZM\^fjW[fmQnu�fm_�fpQ#u τ | PN}^qsb[_su�fjX[_&� 8���h�9zP�_sl�Ptfm~ zk

f]uzQUTVP k fjW[T>QU`�X>uxQz_sX[_ | Ü�P k X�l�X>P���lNfjP�_>Qfj_
QnTVP
τ | b[\^f]l k P�q k Pcu�P!_YQ#bgQnfmXY_-X[~ z

eDX R Q#bdfj_VP!\�fj_
QUTsPtq k P�{<fjX[wsu�uxQnP�q.e@QUTVPFq k X<l�P!unu'Xd~:_sX k `�b[ZmfjÜ!bdQUfjX[_ o fjZmZb!:DPcl�Q
bdQ:`�XYu�Q
lNX<PN��l�fmP!_YQ#u o fmQUT�fj_s\^f]lNP!u:W k P!bgQnP k QnTsbd_�X k P!�>wsb[Z^QUX k−2
h��MXtb�{YX[f]\�QnP!l#TV_Vf]l�b[Zs\^fm��lNwVZmQUfjP!u

o P[e o fpQnTVX[wVQtZmX>uUu X[~SWYP�_VP k b[ZmfmQxr[e k Pc�YwsP!u�Q�QUTsbdQ�QUTVP�fj_VqVwVQ o X k \su+~�X k T R P�W[fj_ o fpQnT 00 ¼ XY_slNP�`�X k P o Pk P!l!bdZjZ�QUTsbdQ�QUTVP�Q k b[_suU\VwslNP k fju o X k Ú<fm_VW�~ k X[` k fmWYT>QaQnX&ZmP�~�Q!e�TVP!_slNP2QUTsP�~¸b[l�QnX k 00
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XY_�QUTVP k fjW[T>Q�P�_@\�Xd~�QUTVP k P!q k Pcu�P!_>QnbgQnfmXY_�Xd~ z Ç h2��_ o T@bgQ�~�XYZmZjX o u�lNX<P���l�fmP!_>Qnu�X[~SQnTVP)fj_VqVwVQ o X k \ o fjZmZR P�\^P�_VX[QUPc\ . . . akak−1 . . . a1a0 ¼ TVP�_@lNP a0 = a1 = 0 Ç bd_s\�lNX<PN��l�fmP!_YQ#utX[~'QUTVP2X[wVQUqVw^Q o X k \ o fmZjZ R P
. . . bkbk−1 . . . b1b0

hy�P�\^P�_sXdQUP QnTVP�fj_VfpQnfjb[Z�u�QnbgQnP Xd~
T R r q0

h:��TVP!_ o P Tsb�{YP+b�u�Qnb k QUfj_VW�qsb k Q'Xd~�QUTsP Q k bd_sun\^wsl�P k
q0

00|ε
−→ q1

q1
0|100
−→ 1̄1 q1

0|000
−→ 00(a) q1

1|100
−→ 00(a)

q1
0|000
−→ 00(b) q1

1|000
−→ 11̄(a) q1

1|001
−→ 1̄2

q1
0|010
−→ 12̄ q1

2|001
−→ 01(d) q1

2|100
−→ 11̄(c) .

y�P�_VX o \^PcuUl k f R PFQnTVP�u�r<_sl#T k XY_VX[wsu�qsb k Q Xd~
QUTVP�Q k b[_suU\VwslNP k hF��Qnu�u�QnbgQnP!u b k P�\^P�_VX[QUPc\ R r o X k \Vu�Xd~ZjP�_sWdQUT�Q o X@e o fmQUT d1d0 k P�q k P!uUP�_>QUfj_VW QnTVP�qDX[Zjr<_VX[`�f]bdZ d1τ + d0
bd_s\�QnTVP u�fjW[_VPc\�\^fjW[fmQ

−1 R P�fj_VWa\^P�_VX[QUPc\
R r 1̄

h:� k bd_@u�fmQUfjX[_su�b k P Xd~MQUTVP ~�X k ` d1d0
ak|bk

−−−→ d′
1d

′
0

fp~
ak + (d0 + d1τ) = bk + (d′0τ + d′0τ

2)
hº ZmZMQUTVPFuxQ#bgQUPcu5X[~�QnTVP�Q k b[_sun\^wslNP k b k P �s_sb[ZØh5��TVPFu�r<_sl#T k X[_sX[wsu�qsb k Q�Xd~�QUTVP�Q k bd_sun\^wsl�P k T f]uz\ k b o _fj_*2�fmWYw k P L h�2sX[ZjZmX o fj_VWaq k X[qDXYuUfpQnfmXY_-Pcb[uUfmZjr�~�X[ZjZjX o u�h
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� �g·@²1·Dµ!¶� !¶¸·D´ ".¹,".¹�� ÀsÄg¾�ÃdÙ#¾nÆgÖ Ã�ÓV¿
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�Æd¾U¿#ÆgÈg¿N¾ .�Å Ù
d′1d

′
0 Å]Á�Ã�ÓV¿�Á�Ã�ÄgÃ�¿+¾U¿#Ä Ò ÓV¿#á�Ä�Ù#Ã�¿�¾�Ã�ÓV¿ k ½�Ã�Ó�Á�Ã�¿�À���Å�'�¿ '�ÄxÙ#Ã�¿N¾
��¾�Å�ÃiÅ�Â�0�Ã�ÓV¿ Ò Æc¿�� Ò Å¸¿NÂ@Ã bk ÆxÙ+Ã�Ós¿�ÆgÊ^ÃpÀDÊ^Ã��1Æd¾Uá 	�1¿ ÓVÄdÈ�¿

k∑

i=0

ai(τ
′)i =

(
d′1(τ

′)2 + d′0τ
′
)
(τ ′)k +

k∑

i=0

bi(τ
′)i .
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b k PtXd~:QnTVPFunbd`�PtZjP�_sWdQUT�eDfih P[hDQUTVP k PFfju+P!_VX[wVWYT
Ü�P k X>u5fj_�QUTsP~ k X[_>Q ¼�k P!l�b[ZmZMQUT@bgQ o Pab k P o X k Ú<fj_VW�~ k X[` k fmWYTYQ�QUX-ZmP�~�Q Ç Xd~:Pcb[l#T�fj_VqVw^Q o X k \�~�X k QUTVP�bdwVQUX[`�bdQUX[_�b kUk fj{[Pfj_>QUXaQUTsP�uxQ#bgQUP
00(a)

e<QnTVf]u5uxQ#bgQnP o XYwVZj\ R P QUTVP�XY_VZmr)X[_VP+�s_sb[Z.uxQ#bgQnP[h
� X o ZmP�Q
wsuSb[unu�ws`aPzQUTsbdQ o P o X[wVZ]\�ZjfmÚYP5QUX k PcbdZjZmrawsuUP5QnTVP5Q k b[_suU\VwslNP k T QnXtqDP k ~�X k ` QnTVPz_sX k `�b[ZmfjÜ!b |QnfmXY_ ¼ QUTsbdQ�fju�QnX unb�r QUX fj`�qVZmP!`�P�_>Q�QUTVP5bY\V\^fj_VW�`�bYl#TVfm_sP Ç h º _VX[_ | \^P�QUP k `�fj_Vfju�QUf]l
Q k bd_sun\^wsl�P k Xg{[P k fj_^�s_sfpQnPo X k \Vu
\^X<P!uS_VXdQ'uUP�P�`ÏQnX R PzQnTVP R PcuxQ5uUwVfpQ#b R ZjPz`�bYl#TVfm_sPz~�X k QnTVfju
Q#b[uUÚDh��z_^~�X k QUwV_@bgQUP!Zmr�QnTVP+wsu�w@bdZ7u�w R u�P�Q
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(4)
10

QnX
P

(4)
14

b k PSQUTsP� k u�QzuxQ#bgQnP!u5X[~MQnTVP k P�qDP!bdQUfj_VW�qsb k Q!esQUTVPFuxQ#bgQUP J
f]u'QUTsP�X[_VZjr2X[_VP�fj_VfmQUf]bdZMu�QnbdQUP�b[_s\2QUTVP�Q k fjb[_VW[ZjP | `�b k Ú[P!\u�QnbdQUPcu

P4
e

P7
b[_s\

P8
b k P)QnTVP2u�QnbdQUPcu o TsP k P-Pc\^W[Pcu k PNQnw k _Vfm_sW�~ k X[`«QUTsP k P�qDP!bdQUfj_VW�qsb k Q k P�P!_>QUP k QUTsP_sX[_ |�k P!q@PcbgQnfm_VWaqsb k Q ¼ uUP�P R P�ZjX ozÇ h

J

P0

P1

P2

P3

P4P5P6

P7

P8

P9

P
(4)
11

P
(4)
10

P
(4)
14

P
(4)
12

P
(4)
13

00 |ε

0 |0

0 |0

1 |ε

2 |ε

1 |ε
2 |ε

0 |01

2 |01

0 |ε

0 |ε

1 |00

2 |000

0 |ε

1 |00

1 |ε

1 |ε

2 |ε

1 |ε

0 |ε

0 |ε

0 |ε

1 |ε

0 |ε

P
(4)
11

P
(4)
10

P
(4)
14

P
(4)
12

P
(4)
13

P
(5)
14

P
(5)
12

P
(5)
11

P
(5)
10

P
(5)
13

P
(6)
11

P
(6)
10

P
(6)
14

P
(6)
12

P
(6)
13

P
(7)
14

P
(7)
12

P
(7)
11

P
(7)
10

P
(7)
13

0 |ε

0 |ε

0 |ε

2 |ε

1 |ε

1 |ε

0 |ε

0 |ε

0 |ε

0 |ε

2 |ε

1 |ε

1 |ε

0 |ε

0 |ε

0 |ε

0 |ε

2 |ε

1 |ε

1 |ε

A�� C��Dû�ä�ê���è¸çxå[ç�ñnìØí�ê/85ågñ#è�ì�ä#ï T 	�

�

J

P0

P1

P2

P3

P4P5P6

P7

P8

P9

P
(4)
11

P
(4)
10

P
(4)
14

P
(4)
12

P
(4)
13

00 |ε

0 |0

0 |0

1 |ε

2 |ε

1 |ε
2 |ε

0 |01

2 |01

0 |ε

0 |ε

1 |00

2 |000

0 |ε

1 |00

1 |ε

1 |ε

2 |ε

1 |ε

0 |ε

0 |ε

0 |ε

1 |ε

0 |ε

P
(4)
11

P
(4)
10

P
(4)
14

P
(4)
12

P
(4)
13

P
(5)
14

P
(5)
12

P
(5)
11

P
(5)
10

P
(5)
13

P
(6)
11

P
(6)
10

P
(6)
14

P
(6)
12

P
(6)
13

P
(7)
14

P
(7)
12

P
(7)
11

P
(7)
10

P
(7)
13

0 |ε

0 |ε

0 |ε

2 |ε

1 |ε

1 |ε

0 |ε

0 |ε

0 |ε

0 |ε

2 |ε

1 |ε

1 |ε

0 |ε

0 |ε

0 |ε

0 |ε

2 |ε

1 |ε

1 |ε

A�� A�� 	.ç�ådç�ñnìØí�ê/8'ågñ#è�ì�ä#ï T 	�

�
2�fjW[w k P�� ����b k Qnu�X[~�QUTsP Q k bd_sun\^wsl�P k T �����

��TVP�uxQ#bgQUPcu�Xd~+QUTVP k P!q@PcbgQUfj_VW�qsb k Q�Xd~+QUTsP
Q k bd_sun\^wsl�P k Tdet
b k P
\^P�_sXdQUPc\ R rÛu�r<` R XYZju P

(i)
j

h ��TsPuUw R unl k fjq^Q'fm_s\Vfjl!bgQUPcuSQUTVP Qxr<qDP�Xd~�QUTVP�u�QnbdQUPYe^fØh P[h^QnTVP�uUPNQ'Xd~�uxQ#bgQnP!u�Xd~MQ k bd_sun\^wsl�P k T �UlNX[_>Q#bdfj_VP!\��+fm_
u�QnbgQnP
Pj

e o TVP k P!bYu�QUTsP�uUwVq@P k unl k fjq^Q1fj_s\^f]l�bgQnP!u1QUTVP�ZmP!_VWdQnT�Xd~.`�P!`aX k fjÜ�Pc\ o X k \su�e i = |wk|
~�X k b[ZmZDqsb[f k u (qk, wk)fj_

P
(i)
j

hy�PFl!bd_�X k WYb[_VfmÜ!P+QUTVP k P�qDP!bdQUfj_VW�qsb k QzX[~ Tdet
fm_>QUX�QUTVP�ZjP�{YP�Z]u5b[l!lNX k \^fj_VWaQUX�QUTVPtuUwVqDP k uUl k fjq^Q#u'Xd~�QUTsPu�QnbdQUPcu o fmQUTVfj_.e.b[ZmZMQUTVPFQ k bd_@u�fmQUfjX[_su R P�Q o P!P�_�QUTVP�uxQ#bgQnP!u�fm_suUf]\^P�QnTVP k P�qDP!bdQUfj_VW)q@b k Q�Tsb�{YP�P�`�q^Qxr
XYw^QUqVwVQo X k \³h���TVP+� k uxQ'~�XYw k ZjP�{[P!ZjuSX[~MQnTVP k P!q@PcbgQnfm_VW�qsb k Q5b k P \ k b o _-fj_*2MfjW[w k P��^h��^h��_�b[\V\^fmQUfjX[_�QUX-QUTVPaP!\VW[P!u�fj_su�f]\^PFQUTVP k P�qDP!bgQnfm_sW)qsb k Qce@QnTVP k P�b k PtbdZ]u�X)QUTVP�uUX | l�bdZjZjP!\�� k P�QUw k _�P!\VW[P!u���efih P[h³QnTVP�P!\^WYP!u�b[fm`�fj_VW R b[l#Ú
QnX2QUTVP�_VXY_ |�k P!q@PcbgQUfj_VW�qsb k Q ¼ _sXdQUP�QnTsbgQ ~�X k lNZ]b k fpQxr k P!bYu�XY_su�QUTVPcu�P�b k Pa_VX[Q\ k b o _-fm_*2�fmWYw k P��Vh � Ç h� k b[_sun\^wslNP k Tdet k P!bdZjfjÜ�P!u)QUTsP�unbd`�P�~�wV_sl�QnfmXY_ÕbYu-QUTVP�Q k bd_@uU\^w@lNP k T

h �z_^~�X k QUws_sbgQnP�Zjr[e u�fj_slNP�QUTsP_sX k `�b[ZmfjÜ!bdQUfjX[_�~�wV_sl�QnfmXY_ νC

f]u _VX[Q�uUP!�>wVP!_>QUf]bdZie.fpQ�T@b[u�bd_�fj_^�s_VfmQUP�_<wV` R P k Xd~Su�QnbdQUPcu�� o P�Tsb�{YPtQnX�\^P!b[Zo fmQUT2QnTVfju'~¸b[l�Qch��Q�QUw k _su�X[w^Q5QnTsbgQ+fp~ o P�WYPNQ k fj\�X[~1b�~�P o q@b k QUf]lNwVZ]b k l!b[uUP!u!e o TVf]l#T�l�b[_ R PtQ k P!bdQUP!\
uUP�q@b k bgQUP!ZmrYesXY_VZmrbF�s_sfpQnP�q@X k QnfmXY_-X[~MQnTVP Q k bd_sun\^wsl�P k Tdet o fmZjZ R P�b[lNQUwsb[ZmZjr�wsuUP!\2\^w k fm_sWFQnTVP�_VX k `�bdZjfjÜ!bgQnfmXY_.h� R {<fmXYwsuUZmrYe<QUTVPtl!b[uUP!u k P!uUwVZmQUfj_VW�fm_2QUTsP�wsuUP�Xd~�QUTVP o TVXYZmP Q k b[_sun\^wslNP k Tdet ¼ X k uxQ k f]l�QnZmr)uUqDP!bdÚ<fj_VW�wsuUPX[~1bd_�fj_^�s_sfpQnPF_<wV` R P k X[~
\^f :DP k P!_YQ uxQ#bgQnP!u�Xd~ Tdet Ç b k P�QnTVXYuUP�~�X k�o TVf]l#T�b)q k P��V}
Xd~�QnTVPFfj_VqVwVQ o X k \�fjub[_�fj_VqVw^Q Z]b R P�Z�Xd~
uUX[`�PaqsbgQnT�fj_�QnTVP k P!q@PcbgQUfj_VW-qsb k Q+X[~ Tdet
e o TVf]l#T�_sP�{[P k w@u�Pcu+b[_<r k PNQnw k _�P!\^WYP ¼ fØh P[h_sP�{[P k�k P�QUw k _su R bYl#Ú�QUXaQUTsP�_VX[_ |�k P�qDP!bgQnfm_sWaq@b k Q Ç h�y�P o fmZjZ³Q k PcbgQ�QUTVPcu�P�l!b[uUP!u
� k uxQch
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� fj_sl�P�bdZjZ7QUTVP�Pc\^W[Pcu�fm_suUf]\^P+QUTVP k P�qDP!bdQUfj_VW�qsb k Q'Xd~ Tdet
T@b�{[P+P�`�q^Qxr�XYw^QUqVwVQzbd_s\�uUXFQnTVP fm_sqVw^QzwsuUfj_VWfj_^�s_sfpQnP+q@b k Q
Xd~ Tdet o fjZmZ³l!bdwsuUP5QnTVP+Q k bd_sun\^wsl�P k XY_VZjr�QUX k Pcb[\�b[_s\ o'k fpQnP�_sXdQUTsfm_VWt~ k XY` u�XY`�P+l�X>P���lNfjP�_>QXY_.e o P o fjZmZ l�b[ZmZ�QUTVX>u�P�l�b[uUP!u-b[u �xfj_^�s_VfmQUP k Pcb[\^fj_VW���l!b[uUP!u!h ��TVP�r b k P�uUfj`aqsZmr l#Tsb k bYl�QUP k fjÜ�Pc\ R rÛQUTsP~�XYZmZjX o fj_VWFZjP�`�`�bVh

� ° 4 4Ý­ "�¹��M¹ (DÓs¿1ÀD¾U¿��MÍ�Æ�Ù�ÄdÂ�¿�È�¿�ÂsÃiÊsÄgÉ�É /'Às¿N¾�Å¸ÆcágÅ Ò Å�ÂgÀDÊ^Ã��1Æd¾UáFÃØ¾�Å 0 0Y¿�¾�Å�Â�0aÃ�ÓV¿�Å�Â��:ÂsÅ�Ã�¿�¾U¿#Ä[ádÅ�Â�0aÅ�Â TdetÅ]ÁtÆdÂD¿aÆxÙ�Ã�ÓV¿1ÙNÆgÉ�ÉmÆ ��Å�Â�0 �1Æd¾Uá�Á ω(1) . ω(01) . ω(002) . ω({01, 002}∗) '
��TVP k P�b k P�~�XYw k u�fj`�qVZjPFq k P | q k X^lNP!unuUfm_VW�Q k bd_su�~�X k `�bgQUfjX[_@u'QUT@bgQ QUw k _�b[_<r2fj_VqVwVQ o X k \�Q k fjW[WYP k fm_VW)fm_ |�@_VfpQnP k Pcb[\^fj_VW)P!fpQnTVP k \^f k P!l�QnZmr
fj_>QUX2fpQ#u τ | bY\^fjlFPN}^qsb[_suUfmXY_�X k fj_YQnX2b)�s_VfmQUP o X k \³e o TVf]l#T�l�b[_ R PauUfj`aqsZmr_sX k `�b[ZmfjÜ�Pc\³h��_�bdZjZ7XdQUTsP k l�b[uUP!u!e>X[_VZjr�b��@_VfpQnP�qDX k QUfjX[_-Xd~.QnTVP�Q k bd_sun\^wsl�P k Tdet

f]uSwsu�Pc\)\^w k fj_VW�QnTVP _VX k `�bdZjfmÜcbgQnfmXY_.h� R {<fjX[wsuUZmrYe³QUTsP)lNXY`aqsw^QnbdQUfjX[_&l�b[_�P!_>QUP k QnTVP k P�qDP!bdQUfj_VW�qsb k Q�Xd~SQUTVP�Q k bd_sun\^wsl�P k e R w^QFuUfj_slNP�QnTVP�q k PN�V}X[~'QUTVP2fj_VqVw^Q o X k \�fjuF_VXdQ�bd_<r�Xd~5QnTVXYuUP�~ k X[`»O�P�`�`�b 8Vh Þse�P!{[P k r�QUfj`�P)QnTVP2l�X[`�qVw^Q#bgQnfmXY_ÝP�_>QUP k utQUTsPk P�qDP!bdQUfj_VW�qsb k Q�fpQ+P�{[P!_>QUwsb[ZmZjr)wsuUP!u�u�XY`�P k P�QUw k _
P!\VW[P�QnX)W[X R b[l#Ú)QUX�QnTVPt_sX[_ |�k P!q@PcbgQnfm_VW�q@b k Q!h'��_s\^P!P!\³eo P _VP�Pc\2X[_VZjr)bF�s_VfmQUP�qDX k QUfjX[_2Xd~ Tdet
QUX�_VX k `�bdZjfmÜ!P+QUTVPcu�P k P�q k P!uUP�_>QnbdQUfjX[_su!h��TVP k P�~�X k P o P[e
fm_Û~¸bYl�Q!e
Tsb�{[P�b�\^PNQnP k `�fm_Vf]u�QUf]l)Q k b[_sun\^wslNP k q@P k ~�X k `�fj_VW�_sX k `�b[ZmfjÜ!bdQUfjX[_.h � fj_slNP2QUTsPk P!uUwVZmQ
f]u1P!{[P!_YQnwsbdZjZjraqDP k fjX<\Vfjl[eYQnTVP lNX[`�qVwVQnbgQnfmXY_)\^XY_VP R raQUTVP�Q k bd_@uU\^w@lNP k l�b[_ R P u�QUX[qsq@Pc\)bg~�QnP k b��s_sfpQnP_<wV` R P k Xd~�uxQnP�qsu!h

� � J-ª-E�G�¦tK:EML�H�C
O�PNQ

x, y ∈ Fep(τ
′)
h�y�P o bd_>QFQUX
�s_@\&QUTsP τ | bY\^f]l�PN}^qsb[_suUfmXY_�X[~ x − y

h��STsP�� k uxQ�uxQnP�qÝf]utQUTVP2uUb[`aPbYu+~�X k QnTVP�b[\s\^fpQnfmXY_.h �Sr�uUfj`aqsZmP�\^fjW[fmQ o f]u�P�uUw R Q k bYl�QUfjX[_ ¼ w@u�fj_VW 2sbYl�Q#u 8Vh L b[_s\ 8Vh�� Ç+o Pa�s_s\&b τ | bY\^f]lk P�q k Pcu�P!_YQ#bgQnfmXY_aX[~ x− y
e o P o fmZjZ³\^P�_VX[QUP�fpQ R r z = τ ′(x− y)

h � R {<fjX[wsuUZjr[eYQUTVP+lNX<PN��lNfjP�_>Q#u:Xd~ z b k P'~ k X[`QnTVPtb[ZmqVT@b R PNQ {−1, 0, 1}
h�y fmQUTsX[w^QzZjXYunu'X[~�WYP�_VP k b[ZmfmQxr[e o P�l�b[_�u�wsqVq@X>u�P QnTsbgQ z

Tsb[u5_VX�~ k bYl�QnfmXY_sbdZ.q@b k Q!h� X k `�bdZjfmÜcbgQUfjX[_-fjuSQnTVP�_
\^XY_VP QUT k XYwVW[T-QUTVP wsuUP�Xd~M~�X[ZjZmX o fj_VW�bdZjW[X k fmQUTs`2h
	 ��
D·��g¶� 
� 4 ¹�% ¿NÃ z Ô#¿FÄ τ ½�Ä[ágÅ Ò ¾U¿�ÀD¾n¿�Á�¿�ÂsÃ�ÄgÃiÅ¸ÆgÂ�Æ�Ù x − y '

� '��a¿�áY¿��1ÂD¿�Ä�ÀsÄg¾�ÃiÅ�ÃØÅ¸ÆdÂÌÆxÙ z Å�ÂsÃ�Æ)Ã�Ó<¾n¿n¿�ÆdÃ�Ós¿N¾a¾U¿�ÀD¾U¿NÁ�¿NÂ@Ã�ÄdÃØÅ¸ÆdÂVÁ u . vodd ÄdÂDá veven .
Á�Ê Ò Ó�Ã�ÓsÄgÃ'Ã�Ó<Å]ÁÀVÄd¾�ÃØÅ�ÃiÅ¸ÆgÂ)ÀD¾n¿�Á�¿�¾�È�¿NÁ�Ã�Ós¿�Â@Ê^Ö�¿�¾�Å Ò ÄgÉ.ÈgÄgÉËÊs¿ πτ ′(z) = πτ ′(u) + πτ ′(vodd) + πτ ′(veven) ÄgÂDá
• u Å]Á�ÆYÔNÃ�ÄgÅ�Â7¿#ázÙ#¾UÆdÖ z Ô /�ÀDÊ^ÃiÃØÅ�Â 0)ÄgÉ�É�Ã�Ós¿�Â7¿10>ÄgÃiÅ�Èg¿ Ò Æc¿�� Ò Å¸¿NÂ@Ã¸Át¿��NÊsÄdÉ.Ã�Æt×c¿N¾UÆ
• vodd Å]Á�Æ[Ô�Ã�ÄgÅ�ÂD¿#á�Ù#¾nÆgÖ z Ô�/��[¿#¿�ÀDÅ�Â�0�ÆgÂ@É /�ÂD¿ 0YÄdÃØÅ�Èg¿ Ò Æc¿�� Ò Å¸¿�ÂsÃØÁ �MÓ<Å Ò Ó Ô#¿NÉmÆdÂ�0ÝÃ�Æ�Ã�ÓV¿�Æcá[áÀsÆ �1¿�¾#ÁFÆxÙ τ ′

• veven Å]Á�ÆYÔNÃ�ÄgÅ�Â7¿#á�Ù#¾UÆdÖ z Ô�/��[¿#¿�ÀDÅ�Â 0�ÆgÂ@É /
ÂD¿ 0>ÄgÃiÅ�È�¿ Ò Æ!¿ � Ò Å¸¿�ÂsÃØÁ �MÓ^Å Ò Ó�Ô#¿NÉmÆdÂ�0�Ã�Æ�Ã�ÓV¿-¿NÈg¿�ÂÀsÆ �1¿�¾#ÁFÆxÙ τ ′

� '��a¿tÖ�ÆcágÅ Ù / vodd ÄdÂDá veven Ô�/�ÃØ¾UÄdÂVÁ�ÙNÆg¾�Ö�ÄgÃiÅ¸ÆgÂ
v̂odd := vodd + ω(10)•11 ÄdÂDá v̂even := veven + ω(01)•1 , ¼ L Ç

�MÓ<Å Ò Ó)áYÆ!¿NÁ'ÂDÆdÃ Ò ÓVÄgÂ 0Y¿zÂsÊ^Ö�¿�¾�Å Ò ÄdÉVÈgÄgÉËÊs¿NÁ'Æ�Ù�Ã�Ós¿5¾n¿�À7¾U¿�Á�¿�ÂsÃ�ÄgÃiÅ¸ÆgÂsÁ .�Á#Å�Â Ò ¿zÔ#ÆgÃ�Ó�Ä[áYá[¿#á�ÁN¿���Ês¿NÂ Ò ¿�Á5Äg¾U¿¾U¿�ÀD¾U¿NÁ�¿NÂ@Ã�ÄdÃØÅ¸ÆdÂVÁ-ÆxÙa×!¿�¾UÆ '��a¿FÓsÄgÈg¿ u, v̂odd, v̂even ∈ {0, 1}N ÄdÂDá πτ ′(u), πτ ′(v̂odd), πτ ′(v̂even) ∈
Fep(τ

′) '
� ' � τ ½�Ä[ágÅ Ò ¿nÍ�ÀsÄgÂsÁ�Å¸ÆgÂ�ÆxÙ x− y Å]Á Æ[Ô�Ã�ÄgÅ�ÂD¿#á�Ô�/5Às¿�¾�ÙNÆg¾�ÖaÅ�Â�0�Ã �1Æ Ò ÆgÂVÁ�¿ Ò Ê^ÃØÅ�Èg¿�Ä[áYágÅ�ÃiÅ¸ÆgÂVÁ (u+ v̂odd)+

v̂even '

â



� � J���EML�¤��NLNKS¦ EMLNH�C
��TsP�XYq@P k bdQUfjX[_�X[~M`twsZpQnfmqVZjf]l�bgQnfmXY_)f]u�\^f :7P k P�_>Q�~ k X[` b[\s\^fpQnfmXY_-b[_s\)uUw R Q k bYl�QUfjX[_�h�Î1{[P�_)QUTVXYwVW[T)QUTVP wsuUwsb[Z_@bdfj{[P o b�r&QUXÝqDP k ~�X k `/QnTVP�`FwVZpQnfmqsZmf]l�bdQUfjX[_ 7 b&uUP k fmPcu�Xd~�uUwsl�l�P!unu�fj{[P
bY\V\^fmQUfjX[_su 7 u�P!P�`�u�QnX R P�bd_fj_^�s_sfpQnP�q k X<l�P!unu�e�fj_�QUTVP)l!b[uUP�Xd~'P�{YP�_>QUw@bdZjZmr�q@P k fjX^\^fjl�PN}^qsbd_@u�fjX[_su fmQFl!bd_ R P�wsuUP!\³e R w^QFfpQt_sP�P!\su�`�X k Pl!b k PN~�wVZ³fj_<{[PcuxQnfmW>bgQUfjX[_�hy�P1u�Qnb k Q o fmQUT QUTsP:u�fj`�qVZmPcuxQ�l�b[uUP�Xd~<Q o XSqsw k P!Zmr�q@P k fjX^\^f]l τ | bY\^fjl:PN}^qsbd_@u�fjX[_su!e!unb�r τ ′〈x〉 = ω(xk . . . x0)•b[_s\

τ ′〈y〉 = ω(yl . . . y0)•
hº Q � k uxQce.ZjPNQ�wsu b[unu�ws`aPFQUT@bgQ QUTVP k P�f]u+X[_VZjr
X[_VP�_VXY_ | Ü�P k X)l�X>P���lNfjP�_>Q�fm_ τ ′〈y〉

e�unb�r
yn

e
0 ≤ n ≤ l

h��_2QnTVfju�l�bYu�P+QUTsP�`twVZmQUfjqVZjfjl!bgQUfjX[_ o fjZmZ�lNXY_su�f]u�Q�X[~�uUwsl!lNP!unuUfm{YP uUwV`�`�bgQnfmXY_2X[~ x
`twVZmQUfjqVZjfmPc\ R r (τ ′)n+li

~�X k
i ≥ 0 ¼ fih PYh�u�ws`a`�bdQUfjX[_�Xd~'lNXYqVfmPcu Xd~ τ ′〈x〉

P�{[P k r�QUfj`aP�uUTVfm~�QUPc\ l
qDXYuUfmQUfjX[_su+QnX�QUTVP�ZjPN~�Q Ç h2��TVfju�q k X^l�P!unuq k X^\^wsl�P!u�b k P�q k Pcu�P!_YQ#bgQnfmXY_ o fmQUTÝb � k P | X<l!lNw knk fm_VW2qsbdQ�QUP k _ � ��bg~�QUP k uUwV`�`�bdQUfjX[_&X[~ k

uUTVfp~�QnP!\&l�X[qVfjP!u�X[~
τ ′〈x〉

eVQUTVP q@P k fjX^\)X[~ (k + 1) � �
lNXYq<r�Xd~

τ ′〈x〉
fju�P�}Vb[l�QnZmr�b[ZmfjW[_sP!\ o fmQUT-QUTsP+qDP k fjX<\-Xd~MQUTVP 1 � �

l�X[q<r[e o TVfjZjPfj_�QUTsPzlNXYqVfmPcu�fj_ |iR PNQ o P�P!_�fpQSbdqVqDP!b k u�fj_�bdZjZsX[QUTVP k q@X>uUuUf R ZmP �UuUTVfp~�QSq@X>u�fmQUfjX[_@u � �dQnTVP5qDP k fmX^\�Xd~DQUTsP (k+2) � �l�X[q<r�fjuSbdZjfjW[_VPc\ o fpQnT�QnTVP�qDP k fjX<\)Xd~.QnTVP 2 � �
l�X[q<r�bd_s\-u�XFX[_.h���TVP k P�~�X k P[eYQUTVP uUwV` o fmZjZ R P lNXY`aqDXYuUP!\�Xd~R ZmX^l#Ú^u5X[~:QUTVPFZmP!_VWdQnT m

e o TVP k P m = lcm(k, l)
e³u�wsl#T�QUTsbdQ�P!bYl#T�lNX<P���l�fmP!_>Q�fj_�b R ZjX^l#Ú�fju R r ς

W k P!bdQUP kQnTsbd_�QUTVP lNX<PN��l�fmP!_YQ�bgQSQUTVP unbd`�P5qDXYuUfpQnfmXY_)X[_sP R ZjX^l#ÚtQnXtQnTVP k fjW[T>Q!e o TVP k P ς = xk + · · ·+ x0
f]u:QnTVP+uUwV`X[~�QnTVP�lNX<PN��l�fmP!_YQ#u�fm_2QnTVP�q@P k fjX^\2Xd~ τ ′〈x〉

τ ′(xy) = · · · (zm + 2ς) · · · (z1 + 2ς)︸ ︷︷ ︸
3 �	��

� �����

(zm + ς) · · · (z2 + ς)(z1 + ς)︸ ︷︷ ︸
2 �
��

� �����

zm · · · z2z1︸ ︷︷ ︸
1 ����
�� �����

• ¼ � Ç
�����
	���
�� ¹ O�PNQ

τ ′〈x〉 = ω(10010)
bd_@\

τ ′〈y〉 = ω(01)
h���TsP�_

ς = 2
b[_s\2QUTVPtq k X^l�P!unu'Xd~:lNXY`�qVw^QUfj_VW�X[~b R ZjX^l#Ú |ik P�q k P!uUP�_>Q#bgQUfjX[_ ¼ � Ç u�Qnb k Q#u�b[uS~�X[ZjZjX o u�h

. . . 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
L���� L��

1 0 0 1 0 1 0 0 1 0
. . . 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
. . . 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
. . . 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
. . . 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
L���� L��

. . . 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 0 0 1 0 1 0 0 1 0 1 0 0 1 0

. . . 1 0 1 0 0 1 0 1 0 0 1 0

. .
.

. . . 6 6 5 6 5 5 5 4 5 4 4 4 3 4 3 3 3 2 3 2 2 2 1 2 1 1 1 0 1 0

�SX�}^P!uSP!`aqsTsb[uUfmÜ!P+QUTVP�b[ZmfjW[_V`�P!_YQ'X[~�qDP k fmX^\Vu�X[~�QnTVP 1 � �
bd_@\)X[~MQnTVP

6 ���
lNXYq<r�Xd~�QUTVP k P�q k P!uUP�_>Q#bgQUfjX[_�hß'Pcl�b[ZmZ>QUT@bgQ�QUTVP k P�b k P:Q o X τ | b[\^f]l k P!q k Pcu�P!_>QnbgQnfmXY_su.X[~sÜ�P k X ¼ X R Qnb[fm_VPc\ R r�b[\V\Vfm_VW L QUX k P�q k Pcu�P!_YQ#bgQnfmXY_suX[~

−1 Ç eD_sbd`�P!Zmr ω(10)•11
b[_s\

ω(01)•011
h 9zP�_sl�P�QUTsP�f k \^fjW[fmQ |�o fjuUPtuUwV` 7 bYu o P�ZjZ�bYuzbd_<r-`twVZmQUfjqVZjPtXd~QnTVf]uauUwV` R rÝb�lNXY_suxQ#bd_>QFfj_>QUP!W[P k 7 f]uab[ZjuUX

τ | b[\Vfjl k P!q k P!uUP�_>QnbdQUfjX[_ÝX[~zÜ�P k X@h º `�X[_VW�XdQnTVP k u τ ′(0) =
ω(ςς)•ς(2ς)ς

hO�PNQ wsu5Q#bdÚYP�QUTVP R ZjX^l#Ú | uUTsbdqDP!\ k P�q k P!uUP�_>Q#bgQUfjX[_ ¼ � Ç b[_s\�uUwsl�l�P!unu�fj{[P!Zmr2u�w R Q k b[lNQz~ k X[` fpQ u�Tsfp~�QnP!\ k P�q |k P!uUP�_>Q#bgQUfjX[_@u σmi(ω(ςς)•ς(2ς)ς)
~�X k i ≥ 1

h � _sP�l!bd_�P!b[uUfjZmr�uUP�PaQUT@bgQ QUTVPa~ k b[lNQUfjX[_sb[Z�qDX[fj_>Q�Xd~ i
��� u�w RV|Q k bYl�QnP!\ k P�q k P!uUP�_>Q#bgQUfjX[_�f]u�b[ZmfjW[_sP!\ o fmQUT�QnTVP R b knk fjP k�R P�Q o P!P�_ R ZjX^l#Ú^u i

bd_s\
i + 1

eD~�X k bdZjZ i ≥ 1
h º ~�QnP k� k u�Q-uUw R Q k b[lNQUfjX[_.e�QnTVP�� k u�Q R ZjX^l#Ú ¼ QUTVP k fjW[T>Q)`�XYu�Q R ZjX^l#Ú Ç�o fmZjZ R P�l#T@bd_VWYP!\�fj_YQnX (zm − ς)(zm−1 −

2ς)(zm−2 − ς)(zm−3) · · · (z1)
e5QnTVP�uUP!l�X[_s\ R ZmX^l#ÚÛfm_>QUX zm · · · z2z1 ¼ QUT<wsu-fm_>QnXÝQUTsP�~�X k ` Xd~�QnTVP�� k u�QR ZmX^l#Ú q k fjX k QnX�QUTVPÌuUw R Q k bYl�QnfmXY_ Ç e QnTVP�QUTVf k \ R ZmX^l#Ú�fm_>QUX (zm + ς) · · · (z2 + ς)(z1 + ς)

bd_s\ uUX X[_.h��TsP�uUP!l�X[_s\�u�w R Q k b[lNQUfjX[_ o fmZjZ�_VXdQ�b!:DPcl�Q�QUTVP�� k u�Q R ZmX^l#Ú7e+QUTVP&uUP!lNXY_s\ R ZmX^l#Ú o fjZmZ R PÝl#Tsb[_VW[Pc\ fj_YQnX
Ð



(zm − ς)(zm−1 − 2ς)(zm−2 − ς)(zm−3) · · · (z1)
eDQUTsP�QUTsf k \ R ZjX^l#Ú-fj_>QUX zm · · · z2z1

bd_s\
uUX�XY_.h5��_s\^P!P!\³ebd~�QUP k bdZjZ7QUTVP�uUw R Q k bYl�QUfjX[_@u o P o fjZmZ.T@b�{[P bd_2P�{[P!_>QUwsb[ZmZjr�qDP k fmX^\^f]l τ | bY\^fjl k P�q k Pcu�P!_YQ#bgQnfmXY_
τ ′(xy) = ω

(
(zm − ς)(zm−1 − 2ς)(zm−2 − ς)(zm−3) · · · (z2)(z1)

)
• ,

o Tsfjl#T-X R {<fmXYwsu�Zjr�uxQnfmZjZ.\^X<P!u
_VXdQ�Tsb�{YP5QUX R P+b[_-b[\V`af]unu�f R ZjP τ | b[\^f]l�PN}^qsbd_@u�fjX[_.h�95X o P�{YP k eYuUwsl#T k P�q k Pcu�P!_ |Q#bgQnfmXY_)l�b[_ R P uUP�P�_-b[uSbtuUP k fmP�Xd~.�s_sfpQnP�_<wV` R P k X[~�u�wsl!lNPcuUuUfm{YPzb[\s\^fpQnfmXY_suSbd_s\-u�w R Q k b[l�QnfmXY_su1b[_s\�TVP!_slNP+fmQl!bd_ R P�\VX[_VP�b[u'\VP!unl k f R P!\ R PN~�X k P[h
�����
	���
�� ¼�� XY_>QUfj_>w@bgQUfjX[_ Ç ¹ O�PNQ�wsu+Qnb[Ú[PFQUTVP k P�q k P!uUP�_>Q#bgQUfjX[_�X R Q#bdfj_VP!\�fm_�QUTsPaq k P!{>fjX[w@u�P�}Vbd`�qVZjPab[_s\uUwsl!lNP!unuUfm{YP�Zjr�u�w R Q k b[l�Q σmi(ω(2)•2(4)2)

e
i ≥ 1

~ k X[` fpQch
. . . 6 6 5 6 5 5 5 4 5 4 4 4 3 4 3 3 3 2 3 2 2 2 1 2 1 1 1 0 1 0
. . . 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 4̄ 2̄
. . . 4 4 3 4 3 3 3 2 3 2 2 2 1 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0
. . . 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 2̄ 4̄ 2̄
. . . 2 2 1 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0
. . . 2̄ 4̄ 2̄
. . . 0 2̄ 1̄ 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0 0 2̄ 1̄ 2 1 1 1 0 1 0

ω(0 2̄ 1̄ 2 1 1 1 0 1 0)

� X o u�wVqsq@X>u�P�QnTsbgQ�QUTVP k Pab k P�`�X k P�QUTsb[_�X[_sP�_VX[_ | Ü!P k X�lNX<PN��lNfjP�_>Q+fm_ τ ′〈y〉
hz��_s\^P!P!\³e o Ptl�b[_
Q k P!bdQQnTVP�`�X[_VP R r�X[_VPaP!bYl#T
QUfj`�P�qVw k u�wsfm_VW)QUTVP�b R Xg{YPa\^PcuUl k f R P!\�b[ZmWYX k fpQnTV` ~�X k QUTsP�l!b[uUP o TsP k P τ ′〈y〉

Tsb[uXY_VZjr-XY_VP�_VX[_ | Ü!P k X�lNX<PN��lNfjP�_>Qch���X[fj_VW�QnTVf]u o P�Q k bd_su�~�X k `£b�`twVZmQUfjqVZjfjl!bgQUfjX[_
X[~�Q o X�P!ZmP!`aP!_>Qnu'~�X k ` Fepfj_>QUX�b�u�ws` Xd~�bF�s_VfmQUP�_<wV` R P k Xd~�P�ZjP�`�P�_>QnuS~ k X[` Fep
h

2�fj_sbdZjZmrYe�ZjPNQ�wsutu�wVqsq@X>u�PaQUT@bgQ
x
X k y ¼ X k R XdQnT Ç b k P�_VXdQ�qsw k P!Zmr�q@P k fjX^\^fjl[h���_�QUTVP�l!b[uUP o TsP k P y

fju_sXdQ�qsw k P!Zmr�qDP k fmX^\^f]l o P5vxw@uxQ Tsb�{[P�QUX-bY\V\�b��s_VfmQUPa_>ws` R P k Xd~1uUTVfp~�QnP!\�lNX[qsfmPcu5Xd~ x ¼ fih P[h7Xd~:P!ZmP!`aP!_>Qnu�Xd~
F ��� (τ ′) Ç QnX�QUTVP k P!uUwVZmQ!e o TVP k P!bYu fm_�QUTsP�l�b[uUP o TVP k P x

f]u�_VX[Q�q@P k fjX^\^fjlaQnTVP�q k X^lNPcuUu o fjZmZ R P�QnTVP)unbd`�Po fmQUT2QnTVP�u�`�b[ZmZ³P�}^l�P�q^QnfmXY_)QnTsbgQ'QnTVP k P�q k P!uUP�_>QnbdQUfjX[_-Xd~ xy o fjZmZ.T@b�{[P+_VX[_ | P�`�q^Qxr)q k P | qDP k fjX<\.h

¡ ¢'¨g¢�G�¢'C-KS¢'¥
� L ����h º ` RVk X��[h�� ÂÛÃ�Ós¿2Ã�ÄdÊ^½�Ä[ádÅ Ò ¿UÍNÀsÄgÂVÁ�Å¸ÆdÂVÁ2Æ�Ù)¾U¿#ÄdÉ
Â@Ê^Ö�Ô#¿�¾#Á h���_�� y�X k \Vu�� � � â^e�â th ��_>QUP k _sbdQUfjX[_sb[Z
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